We have learnt that the Bekenstein-Hawking entropy of supersymmetric black holes in five-dimensional minimal supergravity can be reproduced from microstate counting via the AdS/CFT and Kerr/CFT correspondence. In this note, we demostrate the coincidence of both formalisms for extremal and nearextremal black holes in five-dimensional minimal supergravity. Connection to AdS 2 gravity is also mentioned.
Introduction and Summary
It has been shown recently that the near-horizon geometry of four-dimensional Kerr black hole at its extremal limit possesses the isometry SL(2, R) × U(1), where a chiral CFT was formulated with appropriate boundary conditions and Bekenstein-Hawking entropy can be reproduced by the Cardy formula [1] , denoting as the Kerr/CFT correspondence. A sample of earlier CFT appraoches to black hole entropy can be found in [2, 3, 4, 5, 6, 7] . The Kerr/CFT correspondence was later applied to other extremal black holes and relevant discussion can be found in [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26] . In particular, in [13] the authors investigated a class of black hole which at the extremal limit is in fact supersymmetric and its near-horizon geometry is the near-horizon geometry of extremal BTZ black hole [27] .
A chiral CFT was found via the Kerr/CFT approach and the Bekenstein-Hawking entropy was correctly reproduced. The isometry for this near-horizon geometry is in fact enhanced to SO(2, 2) and a non-chiral CFT has been identified at the asymptotic boundary of AdS 3 with appropiate boundary conditions [28] , which also gives rise to the correct entropy by the Cardy formula [29] . We will denote the latter approach as the usual AdS/CFT in this paper. It is, however, unnecessary for those CFT's in both approaches of Kerr/CFT and AdS/CFT to be the same for their differences in chirality, while the boundary conditions imposed in order to obtain finite conserved charges are also quite different. Nevertheless, both formalisms seem to be physically identical in this class of supersymmetric black holes because they give the same central charge and oscillator level (or Frolov-Thorne temperature). In this note, we explicitly show that the near-horizon geometry of supersymmetric black holes (BMPV) and black rings in five-dimensional minimal supergravity can be casted into a special form of AdS 3 , where the isometry SL(2, R) × U(1) ∈ SO(2, 2) is manifested. Therefore either formalism of Kerr/CFT or AdS/CFT can be applied and the Bekenstein-Hawking entropy can be reproduced by the Cardy formula. We further investigate the near-extremal limit where the supersymmetry is slightly broken, and have found again the coincidence of both formalisms. In the extremal limit the non-chiral CFT given in the AdS/CFT approach is effectively chiral due to the BPS condition, and one may suspect it is the very reason two CFT's agree. In the near-extremal limit, however, we do have both left and right-moving sectors of CFT turned on and there is no ambiguity in its non-chirality.
Nevertheless, in the near-extremal limit we still have a well-defined chiral CFT in the Kerr/CFT approach, which reproduces desired entropy for near-extremal black holes.
By investigating the very near-horizon geoemtry at both outer and inner horizons, we are able to realize a non-chiral CFT dual to BTZ geometry from two copies of chiral CFT's dual to near-extremal Kerr metric at each horizon. Upon dimensional reduction to AdS 2 , we obtain a 2D gravity coupled to a dilaton and electric field, where entropy can also be obtained for a chiral CFT dual to this background. This paper is organized as follows: In section 2, we review the construction of chiral CFT dual to the extremal Kerr metric of the supersymmetric black holes (rings) in five-dimensional minimal supergravity. In section 3, we review the construction of non-chiral CFT dual to the extremal BTZ metric, as a special choice of coefficients in a general extremal Kerr metric. In section 4, we discuss the common physical quantities but difference of boundary conditions between two approaches. In section 5, we derive the chiral CFT for near-extremal black holes, which possesses a non-extremal BTZ metric in the near-horizon geometry. We also argue that the non-chiral CFT dual to the BTZ metric can be constructed from two copies of chiral CFT's dual to very near-outer and inner horizon geometry. At last we comment on its relation to AdS 2 gravity. For completeness, in the appendix A we highlight the derivation of near-horizon geometry of suprsymmetric black holes and rings in five-dimensional minimal supergravity.
In the appendix B we recall the coordinate transformation which brings near-horizon geometry to AdS 3 metric. In the appendix C we review the derivation of non-extrmal BTZ metric as part the near-horizon geometry of some non-extremal black holes. In the appendix D, we review the Kaluza-Klein reduction from AdS 3 to AdS 2 . Although in this note we only consider (near-)extremal black holes in five dimensions, but it can be easily generalized to higher dimensions as long as the BTZ metric is part of the near-horizon geometry.
Kerr/CFT correspondence from AdS metric
The supersymmetric solutions in the five-dimensional minimal supergravity have been classified by [30] . The black hole solution with horizon topology S 3 was first discovered by [31] and later the black ring solution with horizon topology S 1 ×S 2 was constructed in [32] . Both solutions are imitatedly related and have string theory interpretation by the D1-D5-P system or M-theory interpretation by supertubes. As reviewed in the appendix A, the near-horizon geometry of both supersymmetric black holes and black rings, regardless different horizon topologies, can be casted into the following metric:
which is a direct product of AdS 3 and a compact S 2 . Now we can rearrange it into another form where isometry SL(2, R) × U(1) is manifested by sending t →
To apply Kerr/CFT correspondence, we will choose the following boundary condition [1] :
and the most general diffeomorphism which preserves this boundary condition reads
where C is an arbitrary constant and ǫ(ψ) is an arbitrary function of ψ. Therefore, the asymptotic symmetry group is generated by
To compute the central charge on dual CFT side, we choose the Fourier components ǫ n (ψ) = e −inψ and the commutator of ζ ψ (n) constitutes a copy of chiral Virasoro algebra with zero central charge. The central extension c of Virasoro algebra is given as follows [33, 34] :
where ∂Σ is a spatial slice. The 3-form k ζ is defined by
where g denotes the near-horizon metric. The coefficient x in (7) is unimportant because it can be absorbed by a shift of L 0 . Here we obtain c = 3πl
for central charge and Frolov-Thorne temperature. Therefore the Bekenstein-Hawking entropy can be reproduced by the Cardy formula,
3 AdS/CFT correspondence from Kerr metric
The near-horizon geomety used in Kerr/CFT correspondence, denotating as Kerr metric, takes the following general form [35] :
where we intend to keep only one spin along φ 1 for simplicity. It has been proved in [36] that a supersymmetric solution with a compact horizon has a horizon geometry
We are interested in the latter two geometries, which correspond to the black ring and BMPV black hole respectively. To have desired near-horizon geometry, by direct computation, we learn that all the undetermined functions in metric components are in fact constant functions except γ 2 (θ) = Γα sin 2 θ.
Moreover, the condition for existence of a Killing spinor necessiates a near-horizon geometry AdS 3 spanned by coordinates (t, r, φ 1 ), which in turn requires Γ = k 2 γ 1 . As a result, the metric becomes
The metric is a product space of AdS 3 of curvature radius ℓ = 2 √ Γ and a S 2 of radius √ Γ. Identifying the AdS 3 as near-horizon geometry of extremal BTZ black hole, using AdS/CFT correspondence with boundary condition given in [28] , one obtains the central chargeĉ
where
To use the Cardy formula, we also have to know the oscillator level q 0 , which is the eigenvalue to the Virasoro gnerator L 0 . A method to obtain it is from the Komar integral at the horizon [37] . We first define a one-form v dual to the Killing vector field ∂ φ 1 by
Then the Komar integral evaluated at the horizon is
Therefore, the Cardy formula
reproduces the Bekenstein-Hawking entropy.
Boundary conditions
We have demonstated that both AdS/CFT correspondence and Kerr/CFT correspondence can provide a microscopic derivation for the entropy of five-dimensional supersymmetric black hole (ring). Similar argument can be applied to supersymmetric balck holes in arbitrary higher dimensions as long as a typical form of AdS 3 metric can be factored out in the near-horizon geometry. Recognizing it as the near-horizon of extremal BTZ black hole, one is able to identify a non-chiral CFT by imposing boundary conditions a la Brown-Henneaux [28] on one hand but a chiral CFT by imposing boundary conditions a la Guica-Hartman-Son-Strominger [1] on the other hand. It is tempting to make the following identification:
where the oscillator level is given by the angular momentum at the horizon, implied by the Komar integral, and central charges are identified in each CFT. Then the Cardy formula given by (10) and (16) are simply related by the Legendre transformation of the thermodynamics first law. Although effectively only the left-moving sector contributes to entropy in the non-chiral CFT dual to AdS metric thanks to its extremality, one has to be cautious that the boundary conditions could be different from that in the chiral CFT dual to Kerr metric. In fact, the coordinate transformation which brings AdS 3 to near-horizon of extremal BTZ implies that the boundary conditions imposed by Brown-Henneaux is weaker, that is,
As long as the most general diffeomorphism is concerned, this may not be able to produce a nontrivial central charge for the chiral CFT dual to Kerr metric.
5 Holographic descriptions of near-extremal black holes
CFT dual to Kerr metric
We have learnt that the AdS/CFT correspondence can also be applied to some nearextremal black holes whose extremal limit become supersymmetric. In this case, both left and right CFT's contribute to the entropy. Therefore it is well motivated and nontrivial to ask whether the chiral CFT description can still be valid away from the extremality. We will start with the near-horizon geometry 2 of some near-extremal black hole which contains a non-extremal BTZ and S 2 :
Upon zooming in the region just ouside the outer horizon, say r → r + + ǫu, t →
and at the same time keeping the near-extremal limit T H → ǫT H , one obtains the near-outer-horizon geometry by sending ǫ → 0,
where we have definedφ ≡ φ − r − r + t l
. We remark that the first two terms can be brought into a standard AdS 2 metric [38] , however it is sufficient for us that the isometry SL(2, R) × U(1) manifests in the asymptotic geometry as u → ∞ thanks to the 2 We remark that here near-horizon geometry refers to the near M 5 branes goemetry as detailed in the Appendix C, to be distinguished from the near-horizon geometry of black hole.
subleading ∆ ∼ O(1). Therefore we expect the same asymptotic symmetry group and diffeomorphism as those for extremal Kerr black holes. We then apply Kerr/CFT correspondence to compute the central charge and Frolov-Thorne temperature as follows:
and the Bekenstein-Hawking entropy is reporduced,
CFT dual to BTZ metric
To make connection to the non-chiral CFT dual to BTZ metric, one can also zoom in the region just inside the inner horizon 3 and obtain another chiral CFT with central charge and Frolov-Thorne temperature
In this way, we can obtain a second entropy associated with inner horizon area,
Together, the entropies of both left and right sectors of non-chiral CFT are related as follows:
It appears that the entropy S R,L are generated through entanglement between two qunatum vacua at outer and inner horizons. A relevant discussion about entanglement entropy between conformal qunatum mechanics living at two boundaries of AdS 2 has been given in [39] .
CFT dual to AdS 2 gravity
A chiral CFT can also be constructed dual to AdS 2 gravity, and the ground state entropy of CFT is responsible to the entropy of AdS 2 black hole. Here we demonstrate its relation to 5D near-extremal black hole. If we apply dimensional reduction as 3 We remark that this region shares the same spacetime signature as the region outside the outer horizon and we expect the quantum vacuum is also well defined.
detailed in the appendix D to the metric (20) , forgetting the S 2 part for the moment, we obtain a AdS 2 metric, dilaton field Φ, and electric fieldF tu :
The 2D central charge which agrees with the Brown-Henneaux 3D central charge
It was suggested in [40] that a 2D chiral CFT with degrees of freedom c 0 and oscillator level q 0 given by
will reproduce Bekenstein-Hawking entropy
Now, recollecting the normalization of Newton constant in various dimensions and putting together with S 2 , we have
Comments
We have learnt that near-horizon metric (20) is responsible for 5D near-extremal black hole where supersymmetry is slightly broken. It is not difficult to see that a general form similar to (11) can be obtained from near-horizon geometry of near-extremal Kerr(-Newman) black holes in arbitrary dimensions D ≥ 4, that is
for some finite ∆. Then one may claim there exist a set of chiral CFT's dual to this metric and each possesses central charge and Frolov-Thorne temperature as follows:
such that the Bekenstein-Hawking entropy can be reproduced by the Cardy formula
In this way, the Kerr/CFT correspondence can be carried over to the near-extremal limit without much modification.
A Near-horizon geometry of supersymmetric black holes in five-dimensional minimal supergravity
In this section, we show that near-horizon of supersymmetric black holes can be brought into a desired form (1).
A.1 BMPV black holes
We start with the black hole metric [31] 
The near-horizon metric is obtained as follows by taking ρ → 0,
To bring it into the desired form, we make the following coordinate transformation,
then we can obtain metric (1) by identifying r
A.2 Black Rings
We start with the black ring metric [32] :
,
where ω = ω φ dφ + ω ψ dψ,
Following the discussion in [32, 41] , the near-horizon geoemtry can be identified as the near-horizon geoemtry of extremal BTZ black hole with mass m BT Z = 2L 2 /q 2 and spin J BT Z = qM BT Z as follows:
which is the very metric (1) with q = l and r + = L.
B Near-horizon geometry of near-horizon extremal BTZ and AdS 3 goemetry
In this section, we show the coordinate transformation between near-hirozon extremal BTZ and AdS 3 in Poincarè patch. In this note, we have been paying attention to the near-horizon geometry which features a AdS 3 metric as follows:
D Dimensional reduction from AdS 3 to AdS 2 gravity
We start with a pure three-dimensional gravity with a cosmological constant:
where we have omitted the boundary terms which are irrelevant to our discussion, but see [40] for detail. Given a 3D metric for Kaluza-Klein reduction,
where the 2D metricg µν , dilaton field Φ and gauge fieldÃ µ are independent of compactified direction ψ. We obtain the two-dimensional effective action:
